We present a granular system whose response under an impact load can be varied from rapidly decaying to almost constant amplitude waves by an external regulator. The system consists of a granular chain of larger spheres surrounded by small spheres, confined in a hollow cylindrical tube and supporting wave propagation along the axis of the cylinder. We demonstrate using numerical simulations that the response can be controlled by applying radial precompression. These observations are then complemented by an asymptotic analysis, which shows that the decay in the leading wave is due to energy leakage to the oscillating small beads in the tail of the wave. This system has potential applications in systems requiring tuning of elastic waves.
I. INTRODUCTION
Granular media have distinct properties compared to their continuum counterparts due to their discreteness and nonlinear interparticle interactions. They have been widely studied over the past few decades and have demonstrated potential in diverse fields ranging from dynamic stress wave mitigation [1] by dissipation at point contacts, acoustic filtering and rectification [2] by exploiting bifurcations and band gaps, granular grippers [3] activated by jamming, and so on. Nesterenko [4] , in his seminal work, predicted the existence of solitary waves in chains of ordered granules subjected to impact loading, which have since been observed experimentally [5, 6] . Since then, a number of different configurations [7] of these granular chains have been studied and a wide variety of physical phenomena have been reported.
Apart from monodisperse chains, solitary waves have also been recently reported in other kinds of granular lattices. Jayaprakash et al. [8, 9] studied wave propagation in dimer granular systems and reported the existence of new kinds of solitary waves for certain mass ratios. Manjunath and Geubelle [10] also observed a similar family of solitary waves in periodic 2D lattices subjected to plane loading. Both studies utilize Sen's solution of solitary waves [11] in homogeneous chains and develop solutions in other systems using asymptotic analysis. Dimer chains have also been investigated by other approaches, most notably by Harbola et al. [12] , who studied pulse propagation using a binary collision model and obtained analytic expressions for the key wave propagation properties. All the above studies were conducted on chains with zero prestress, which is required for the formation of solitary waves. There have also been numerous studies on axially precompressed chains. Daraio et al. [13] studied the effect of precompression on granular chains and demonstrated that their peak force and wave speed can be tuned by static compression. Herbold et al. [14] studied pulse propagation in diatomic periodic chains under precompression and characterized the * geubelle@illinois.edu; present address: 306 Talbot Laboratory, 104 S. Wright St., Urbana, IL 61801, USA; fax: +1 (217) 244 0720.
effect of acoustic frequency band gaps on wave propagation. These studies illustrate the rich dynamics of granular lattices to produce a wide array of wave propagation phenomena.
All of the aforementioned studies have been limited to loads which do not cause plastic deformation. As shown by Pal et al. [15, 16] and On et al. [17] , plasticity can have a significant effect on wave propagation in granular chains. Pal et al. [18] also demonstrated that the presence of an intruder can have a significant impact on the energy transmission down an elastoplastic granular chain. Others have studied dissipative granular chains, including Lindenberg et al. [19] , who demonstrated a two-wave structure in elastic granular chains with dissipative terms, and Vergara [20] , who investigated the effects of viscoelastic granular chains. To alleviate the effects of plasticity, Wang et al. [21] recently demonstrated the existence of high-amplitude solitary waves in preconditioned granular chains. This showed that granular chains have potential in applications involving high impact loads by overcoming the effects of plastic dissipation.
These unique phenomena in granular media have been exploited in diverse applications and continue to be an active area of research. We list some representative examples here. Boechler et al. [2] designed systems for tunable acoustic rectification using statically precompressed granular chains having light mass defects. Acoustic lenses [22] have been developed using arrays of precompressed one-dimensional (1D) disks, which allow for focusing of acoustic pulses into linear elastic media. Hong [23] demonstrated the potential of these chains to be used as impact protectors by showing universal power decay in granular confinements at the interfaces between distinct kinds of granules. Melo et al. [24] experimentally demonstrated the effect of wave propagation in tapered chains, where the leading wave accelerates and decreases in amplitude. Boechler et al. [25] demonstrated the existence of breathers in dimer chains subjected to frequency loading, thus showing that these systems have potential to be used as energy harvesting devices. Finally, Fraternali et al. [26] designed granular protectors using genetic algorithms to minimize the force transmitted to the end of the chain by optimizing the locations of intruders. In all the above applications, the distinct dynamics is dictated by the contact nonlinearity. A key challenge, which the present work attempts to address, is to develop devices and systems whose response can be modified externally in a simple and robust manner.
The objective of the present work is to develop granular systems whose behavior can be controlled or varied by an external regulator and is intended for applications that involve tuning of elastic waves like tunable acoustic lenses and waveguides. In this work, we demonstrate numerically and analytically wave tailoring in confined granular systems by externally applied precompression. The outline of this paper is as follows: Section II summarizes the problem description and the governing equations. In Sec. III, we present detailed numerical results and scaling laws for the system, followed in Sec. IV by an asymptotic analysis, performed to explain the trends observed numerically. Figure 1 shows the schematic of the configuration considered in this work. It consists of a granular chain of larger spheres in contact, with smaller spheres surrounding it. The system is densely packed under zero prestress in a long hollow cylinder. Figure 1 (a) illustrates this dense packing with the large sphere shown by a dashed circle since it is not on the same plane as the small spheres. From geometrical considerations, the number of small spheres can vary from 6 to 9, as the surrounding spheres have to be smaller than the big spheres and large enough to be in contact with the wall. Let d and D be the diameters of the small and big beads, respectively. For closely packed structures, the following constraint condition holds, as the n smaller spheres have to lie at the vertices of a n-sided polygon,
II. PROBLEM SETUP
leading to the following relation between the diameters:
When a uniform radial external pressure is applied, there is contact force between the small and big spheres and between the small spheres and the wall. The hollow cylinder is assumed to be of a much stiffer material than the spheres and the walls are hence modeled as rigid surfaces during the wave propagation through the chain. The first and the last big spheres in the chain are fixed. There is no contact force between the big spheres even when there is precompression, as the contact forces due to the small spheres surrounding each big sphere balance out due to symmetry. One of the big spheres is given an impact in the direction of the axis of the cylinder and the dynamic response of the system is simulated.
All the spheres are assumed to be linearly elastic and their contact is described by Hertz law with no dissipation. Let m b and m s denote the mass of the big and small beads, respectively, and let k bb , k sb , and k w denote the elastic constants arising from the Hertzian law applied between the big spherebig sphere, big sphere-small sphere and small sphere-wall interactions [27] , respectively. These constants are functions of geometric and material properties given by
where E and ν denote the Young's modulus and Poisson's ratio, respectively, with the subscripts "s" and "b" indicating the values of these properties associated with the small and . Under a uniform radial precompression, let δ 1 be the relative displacement between the small spheres and the wall, let δ 2 be the radial displacement of the center of the small beads, and let δ = δ 1 + δ 2 be the change in the cylinder radius. From the radial equilibrium of the small beads, we have the following relation between δ 1 and δ 2 :
and its solution provides the initial static configuration. Introducing
and the functions
the governing equations for the dynamic response of the configuration shown in Fig. 1 are given by
The above system (7) is normalized and expressed in terms of dimensionless variables. The displacement is normalized by the diameter D of the large spheres and the nondimensional time τ is defined in terms of the physical time t
In a monodisperse granular chain, the force scales with the impact velocity [7] . In the present system, the force is a function of two control variables, impact velocity and applied precompression, and the appropriate scaling laws are presented in the next section. To eliminate the remaining dimensional material parameters in (7), we define the following nondimensional parameters:
The precompression and distance are also normalized by the diameter of the large spheres as
Expressing the governing equations (7) in terms of these parameters leads to the following normalized system of equations:
where, once again, n denotes the number of small interstitial spheres (6 n 9). Typical values of , η, and γ corresponding to a large sphere diameter D = 0.015 m and both spheres having Young's modulus E = 115 GPa, Poisson's ratio ν = 0.30, and density ρ = 8500 kg/m 3 for the n = 8 system are 0.04, 0.34, and 1.53, respectively. Note that the results are presented hereafter in nondimensional form and are independent of the choice of specific material. An initial velocity v = 1 m/s (ṽ = 1.35 × 10 −4 ) is prescribed on the 10th big sphere in a chain composed of 300 unit cells (each unit cell having a big sphere and n small spheres) and the response of the system is observed.
III. NUMERICAL RESULTS
The routine ode45 in the MATLAB software is used to solve the system (9) numerically. Since the objective is to study the response in infinite chains, the final time is chosen to be before the leading wave reaches the chain end to avoid end reflections. Figure 2(a) shows the peak contact forces along the chain for the case of n = 8 system with different precompression levels. For zero or low precompression, the peak force of the leading wave decreases rapidly down the chain. As the static precompression level increases, the peak force decay rate along the chain decreases. The energy propagates through a unit cell along two pathways: big to big spheres and big to small to big spheres. With increasing precompression, the contact stiffness between the small and big spheres increases. This leads to more energy being transferred through the big-small-big sphere pathway for a given axial displacement of the big sphere. Thus, for a fixed amount of energy, an increasing fraction goes through the second pathway with increasing precompression and, hence, the peak force magnitude between the large spheres decreases. The wave velocity increases with precompression when there is negligible decay in the leading wave. The decay is associated with the energy leakage from the leading wave into the smaller spheres in the oscillating tail, which will be demonstrated later using an asymptotic analysis.
Figure 2(b) shows the peak contact forces for the n = 9 system. The leading wave has a very small decay rate even for low levels of precompression. As the precompression increases, the peak contact force decreases and the wave speed increases. Figure 3(a) shows the peak contact force down the chain for the n = 6 system, which is very similar to the n = 9 case, with the peak force decreasing and wave velocity increasing with increasing precompression. Figure 3(b) shows the peak contact force down the chain for the n = 7 system, which is similar to the n = 8 case. Figure 4 illustrates the variation of average wave speed with precompression for the four values of n. It is computed using the time taken by the leading wave to traverse 150 beads. As mentioned earlier, the wave speed increases with increasing radial precompression a and with the number of interstitial spheres. The wave speed scales with the effective stiffness k e and effective mass m e of a unit cell as √ k e /m e and the increase in wave speed with n is attributed to the increase in this quantity. Furthermore, since the static contact force and thus the effective stiffness increase with precompression, the wave speed also increases, although the peak force decreases. This is quite contrary to the case of axial precompression, where both the wave speed and force amplitude increase with precompression, and to the case of solitary waves in unstressed chains, where the wave speed increases with force amplitude. Figure 5 (a) displays the velocity variation of two large beads for two levels of precompression: a = 0 and a = 1.9 × 10 −3 . The large beads are at locations 100 and 150 and the curves for a = 1.9 × 10 −3 are shifted to the left by 1200 units along the time axis to avoid overlap. The profile corresponding to a = 1.9 × 10 −3 has very small oscillations behind the leading wave and the peak velocity remains almost constant as the wave propagates down the chain. On the other hand, the profile of a = 0 shows high amplitude oscillations behind the leading wave. This corresponds to energy leakage behind the leading wave and causes the peak velocity to drop as the wave pro- gresses down the chain. Figure 5 (b) displays the velocities of big and small beads for the same two levels of precompression for the unit cell i = 100. The numerical solution of velocity profiles clearly illustrate the energy leakage to the two velocity components (axial and radial). For the precompressed system, the amplitude of oscillations are much smaller, and hence the decay rate of the leading wave is very small, leading to a wave profile with almost constant amplitude. We term these almost constant amplitude waves near-solitary waves, since their profile is very close to a solitary wave of monodisperse chains. As demonstrated later using an asymptotic analysis, our system does not support "true" solitary waves with zero decay.
A systematic study of the effect of various parameters is conducted to understand the variation with number of beads. Although n can take only integer values between 6 and 9 for a real system, we solve the system (9) numerically for noninteger rational values over the range [5.5,10] to understand the mechanism leading to the distinct behaviors for various integer n values. Figure 6 shows the variation of various parameters n , η, and γ and the normalized peak force decay rate (1/F )d(F )/dx (amplified by a factor 200 to fit the scale) with n. Assuming the wave to have a self-similar structure at any time instant, the decay rate (1/F )dF /dx is constant. This quantity is seen in Fig. 6 to be nonmonotonous, with peaks near n = 7,8 and smaller values near n = 6,9. Note also that the n parameter decreases with increasing n. This observation is of interest as the asymptotic analysis presented later is valid only for small n .
Since only varies significantly with the number of beads n while the other parameters remain relatively constant, we focus on the effect of only (while keeping the other parameters constant) to get more insight into the complex behavior of decay rate in Fig. 6 . To this end, we consider a fixed system (with n = 6) and vary only the density of the small beads to study the effect of , noting that the density ratio of small to big beads is directly proportional to . Figure 7 presents the variation of decay rate with the ratio of small to large sphere density, showing multiple peaks and troughs in the range considered. The peaks correspond to near-solitary leading waves with very little decay, while the troughs are density values for which the decay is maximum. This is similar to the trends observed in Ref. [8] where the authors studied dimer system and in Ref. [10] where wave propagation in 2D square packing with intruders subjected to plane loading was analyzed. The peaks correspond to antiresonances where solitary waves exist, while the troughs are nonlinear resonances where there is maximum transfer of energy from the leading longitudinal wave to the oscillations of the small beads. Thus the small decay rates in the n = 6 and n = 9 systems are due to the corresponding values being closer to antiresonances, while the large decay values in the other two systems is due to their vicinity to a resonance condition.
We now present the scaling laws, which lead to self-similar solutions. Let the system be impacted by velocities v a and v b , leading to displacement fields w a (x,t) and w b (x,t). We seek a 
The time scales and bead velocities for the two cases are then related by τ b /τ a = C −1/4 and v b /v a = C 5/4 , respectively. The wave speeds c a ,c b are inversely related to the time scales, which finally leads to
Equation (11) implies that as the impact velocity increases, the precompression δ also has to increase to obtain self-similar solutions. This key scaling observation is illustrated in Fig. 8 , which presents the spatial variation of the peak contact force normalized by the 6/5 power of the impact velocity. If the precompression level is kept constant (a = 4.8 × 10 −4 ), the curves corresponding to different impact velocities do not overlap. However, when the 6/5 power velocity scaling of the contact force is combined with a 4/5 power velocity scaling of the imposed precompression (yielding a = 8.4 × 10 −4 ), the curves do overlap, thus confirming the relations given in Eq. (11) . This scaling law is similar to the case of solitary waves in monodisperse chains, where the wave speed scales as 1/6 power of peak force. However, the difference here is that an appropriate scaling of precompression δ is also required to obtain an equivalent system of governing equations. A single self-similar solution is obtained for the chain of monodisperse spheres [4] , whereas a one-parameter family of self-similar solutions describes the force amplitude-wave speed relation for our system. The spatial width of the leading wave in our system is about five large sphere diameters, similarly to the case of solitary waves in monodisperse chains.
IV. ASYMPTOTIC ANALYSIS
In order to gain further insight into the behavior of the confined granular system subjected to precompression, an asymptotic analysis is conducted based on the following multiple time scale asymptotic expansion (for small ):
, the zeroth-order approximation for the small bead's displacements take the following form:
The zeroth-order equation for the large beads becomes
3/2 andδ = 2δ tan θ (1 + k tan θ ). The zeroth-order equations are thus uncoupled and the velocity components of the small beads depend only on the zeroth-order solution of the larger beads.
Following the approach adopted in Ref. [11] , the solution of (13) can be written in a series form as a traveling wave,
The polynomial f (z) approximates the solution and a residual is defined as
To solve for the coefficients of the function f (z), we minimize the functional
The above equation leads to a system of N nonlinear equations for an N -term series approximation, which are solved by Newton-Raphson method to get the best approximation minimizing the functional. We solve this system for a unit amplitude (A = 1) of the leading wave for different values of precompressionδ. Figure 9 shows a comparison between the numerical solution to (13) and that obtained by the above procedure for two values of precompression. A good agreement is observed with N = 3 terms in the series, and we note that as the precompression increases, the wave becomes narrower. This is consistent with numerical simulations of the full system in which the wave speed is observed to increase with precompression. 
The above equations exactly resemble the case of first-order velocity in light beads in Ref. [8] and intruder beads in Ref. [10] . In those works, the first-order bead velocity vanishes after the passage of the leading wave for discrete values of mass ratio . This corresponds to satisfying the antiresonance conditions and results in solitary waves. However, for solitary waves to exist in our present problem, we require an for which the antiresonance condition is satisfied simultaneously for both equations. This is highly unlikely for fixed material properties and hence we conclude that solitary waves are very unlikely to exist in this system. This is indeed consistent with the trends observed numerically (Fig. 6) , where the decay rate does not decrease to zero at its minima and hence we use the term near-solitary waves in our work. The first-order system is solved by imposing a zero displacement and velocity boundary condition at T → ∞ and using the zeroth-order series solution with A = 1. The dynamics of the small beads under precompression is well approximated by a linear law, unlike that of the big beads which are not precompressed.
Hence, the asymptotic solutions for the small beads under precompression are valid even after the passage of the leading wave as it is driven by the precompressionδ and the system corresponds to a linear oscillator with frequency √δ . Since the n = 8 system is most suited to wave tailoring, we analyze this system in detail in the remainder of this section. Figure 10 shows the first-order axial and radial velocities of the small beads for three levels of precompression. After the passage of the primary wave, both components of velocities decrease rapidly with increasing precompression. The energy leaking from the leading wave is directly related to the magnitude of small spheres' velocity in the oscillating tail. This is consistent with the behavior in numerical observations, where the force decay rate decreases with increasing precompression. Similar trends are also seen in the n = 9 system. Next, we predict the energy decay rate using the asymptotic solution and compare it with the force decay rate extracted from the numerical solution. Let E and K be the total and kinetic energy in the leading wave. Assuming a selfsimilar structure for the leading wave, the normalized decay rates of both these quantities are equal, i.e., (1/E)dE/dx = (1/K)dK/dx. The decrease in energy of the leading wave leads to the kinetic energy of the small beads in the oscillating tail behind the primary wave. For the asymptotic solution, the energy decay rate is thus obtained by normalizing the kinetic energy in the tail with the peak kinetic energy of the big beads in the leading wave. This is given by solution using Eq. (18) . The variation (slope) of these two quantities with precompression a are in good agreement, validating our hypothesis that the energy leakage from the leading wave to the oscillating small beads in the tail causes the decay in peak force. The mismatch in the two curves is due to the fact that the structure of the leading wave has not been utilized in computing the energy decay rate in the asymptotic solution. Indeed, for a self-similar wave, the total energy in the leading wave would be proportional to the peak kinetic energy of the big beads, which has been used for normalizing the kinetic energy decay rate, resulting in only the slopes of the two curves being in agreement. Furthermore, this result quantifies the peak force and energy decay rate with precompression in the n = 8 system.
V. CONCLUSIONS
In this work, a confined granular system that can be used for wave tailoring by external radial precompression was investigated using numerical simulations and asymptotic analysis. Numerical simulations demonstrate that the n = 8 system changes in behavior from rapidly decaying to near solitary waves under precompression. Scaling laws were derived and verified. It was also observed that, contrary to solitary waves in chains, the peak force in these waves decrease with increasing wave speed as precompression increases. Furthermore, the effect of density ratio was studied to demonstrate the phenomena of resonance and antiresonance in this system.
In the second part, an asymptotic analysis was performed to demonstrate that, as the precompression increases, the velocity magnitude of the oscillating small beads decrease rapidly. The energy decay is due to the leakage from the leading wave to this oscillating tail. Finally, the force decay rate extracted from the numerical simulations is compared with the kinetic energy in the tail due to the small beads and the two rates were found to be in good agreement. This work lays the foundation for designing applications involving tailoring of stress waves by an external control.
